In this work, we discuss the connections between pseudo spin, real spin of electrons in material and spin polarization of photo-emitted electrons out of material. By investigating these three spin textures for Bi2Se3 and SmB6 compounds, we find that the spin orientation of photo-electrons for SmB6 has different correspondence to pseudo spin and real spin compare to Bi2Se3, due to the different symmetry properties of the photo-emission matrix between initial and final states. We calculate the spin polarization and circular dichroism spectra of photo-emitted electrons for both compounds, which can be detected by spin-resolved and circular dichroism angle resolved photoemission spectroscopy experiment.
I. INTRODUCTION
The experimental technique of angle resolved photoemission spectroscopy (ARPES) is a powerful tool in investigating the electronic structure of crystalline materials. The energy and momentum information of the electrons inside a materials can be obtained by measuring the kinetic energy and angular distribution of the photoemitted electrons from a sample illuminated with sufficiently high-energy radiation. To detect the spin information of the electronic states, the spin-resolved ARPES and circular dichroism (CD) ARPES have been recently widely used in revealing the novel spin and orbital texture of the topological surface states of three-dimensional topological insulators 1,2 . The spin-resolved ARPES for surface states of Bi 2 Se 3 family of topological insulator materials have been well studied theoretically and experimentally in recent years, which show that the spin orientation of photo-electrons can be completely different from their initial states and strongly depends on the polarization of the incident light [3] [4] [5] [6] [7] [8] [9] [10] . These results reveals that three different definition of the spin texture for the topological surface states, namely the pseudo spin and real spin orientation for electronic states inside the crystal and that of the photoemitted electrons in the vacuum, which are often mentioned within the context of spin resolved ARPES experiments, are indeed very different and should be clarified rigorously and studied separately 5, 9 . In the present paper, by comparing the above mentioned three different type of "spin texture" for the surface states of two well known topological insulators, Bi 2 Se 3 and SmB 6 , we reveal that how these three concepts are related to each other.
The rest of the paper is organized as follows. In section II, we give the formulas for the pseudo spin, the real spin of electrons in materials and the spin polarization of photo-electrons in the ARPES measurement. Then we discuss the pseudo spin texture, the real spin texture and the spin-resolved and CD spectra ARPES for Bi 2 Se 3 (111) surface states in section III and for SmB 6 (001) surface states in section IV. Conclusions are given in the end of this paper.
II. THREE DIFFERENT DEFINITION OF "SPIN TEXTURE"
In general, the topological surface states can be described by a 2×2 Dirac Hamiltonian
where σ 0 is identity matrix and σ x,y,z are Pauli matrices indicating the space expanded by the eigenfunction ϕ ± at the Dirac point. ϕ ± form Kramers doublet at the time-reversal symmetry point k = 0 and we denote them as pseudo spin in the following text. The pseudo spin texture can be obtained by calculating the expected value of σ matrix as σ k = ( k|σ x |k , k|σ y |k , k|σ z |k ), (2) where |k is the eigenstates of Eq. (1) . In order to get the real spin vector on the surface states, one need to know the real spin operator s for the surface states. The connection between real spin operator s and pseudo spin operators σ are characterized by the following "g-factor" matrix
This "g-factor" matrix can be obtained by projecting the real spin operators into the surface states subspace ϕ ± 11 . After obtaining s, one can get the expectation value of real spin for any electronic state with momentum k as s k = ( k|s x |k , k|s y |k , k|s z |k ).
Before discussing the spin polarization of photoelectrons, we first give some formulas for calculating the photo-emission final states. We start from a microscopic Hamiltonian for a system with spin-orbit coupling, which reads
where p is momentum operator, V (r) is crystal potential and s is electron spin operator. The Hamiltonian for system coupling to an electromagnetic field is obtained via the Peierls substitution p → p − eA, where A is the vector potential for the incident light. The linear and circular polarized incident light are schematically shown in Fig. 1 and their formulas are given in appendix A. The electron-photon interaction term can then be obtained as
where P = e m p −h 4m 2 c 2 ∇V × s, P ± = P x ± iP y and
The photo-emitted final states can be expressed as
where |f α are basis functions for final states with spin α =↑, ↓ and A is the Fourier transform of A. The spin polarization for |f states can be calculated as
where τ x,y,z are Pauli matrices defined in |f ↑ and |f ↓ space. As expressed in Eq. (7) and Eq. (8), the spin polarization of photo-electrons are related to the matrix elements f α |A · P|k , which can be determined by considering the symmetry properties of the vector potential A and the initial states |k . In the following two section, we will discuss theoretically the spin polarization of the photo-emitted final states for Bi 2 Se 3 and SmB 6 surface states with different types of polarized incident light, which can be measured from spin-resolved and CD ARPES experiment.
III. SPIN-RESOLVED AND CD ARPES FOR BI2SE3 SURFACE STATES
For Bi 2 Se 3 family of materials with surface terminated in (111) direction, a Dirac-like surface states exist at theΓ point in the surface Brillouin zone [12] [13] [14] [15] . A 2×2 k·p model Hamiltonian, in basis of ϕ ± , preserving timereversal and C 3v crystalline symmetry has been derived to describe these surface states. By considering the C 3 rotation symmetry, the basis functions ϕ ± can be classified into two classes, namely j z = ±1/2 and j z = ±3/2 classes. Other states with higher j z values can be reduced into j z = ±1/2 or j z = ±3/2 classes by modulating 3 because of the discreet C 3 rotation symmetry in crystal. The first-principles calculations for Bi 2 Se 3 show that the pseudo spin states ϕ ± transform as vectors with angular momentum j z = ±1/2 and the model Hamiltonian for the Bi 2 Se 3 (111) surface states takes the following Diractype formula (9) in basis of {|j z = + 1 2 , |j z = − 1 2 }, where β is the angle between k and the + k x direction and σ x,y are the Pauli matrices in the pseudo spin space. The eigenvalues for above Hamiltonian are given as E n,k = nhvk, where n = ±1 indicate the eigenvalues above and below the Dirac cone. The Bloch periodic eigenstates are given as
where u nk = nie −iβ / √ 2 and v nk = 1/ √ 2. Using Eq. (2), the pseudo spin vectors can be calculated as
The spin operator s is related to the pseudo spin operator σ as (s x , s y , s z ) = (g xx σ x , g yy σ y , g zz σ z ), whit g xx,yy,zz to be some constants 11 . The real spin is proportional to the pseudo spin which can be calculated as
as shown in Fig. 2 . Substitute Eq. (10) into Eq. (7), the photo-emitted 
The spin polarization of final states |f can be calculated for light with different types of polarization.
(i) For σ-polarized light, A σ = A 0 (−sinφ, cosφ, 0), Eq. (18) takes the formula as
The spin polarization of final states |f are calculated as
The spin polarization with different value of azimuth angle φ are shown in Fig. 3 and we set the energy of the initial states above the Dirac cone in the following text. (ii) For π-polarized light, we have
Substitute A π into Eq. (18), we obtain the spin polarization of the photo-electrons as
and the spin polarization textures with parameters a = −0.9 + 0.1i, c = 0.5 − 0.1i with unit A · m are shown in Fig. 4 . (iii) For circular polarized light, A η = A 0 (cosθcosφ + ηisinφ, cosθsinφ − ηicosφ, −sinθ), where η = ±1 are the index for right/left-handed circular polarized light. Substitute A η into Eq. (13), the spin polarization for photo-electrons are calculated as
Experimentally, the CD-ARPES is an alternative method for probing the spin texture of topological surface states. The CD value is defined by taking the difference of photo-emission transition rate for photon with opposite helicity. The photo-emission transition rate are expressed as
where Im and Re refers to the imaginary and real operators. The CD-ARPES spectra can thus be calculated as
The calculated I CD for Bi 2 Se 3 (111) surface states are shown in Fig. 5 . 
IV. SPIN-RESOLVED AND CD-ARPES FOR SMB6 SURFACE STATES
Recently the mixed valence compound SmB 6 has been proposed to be a topological insulator and attracts lots of research interest [16] [17] [18] [19] [20] . Unlike the Bi 2 Se 3 family of materials, the strong correlation effects in mixed valence topological insulators are crucial in understanding electronic structure owing to the partially filled 4f bands. There are two main effects induced by the on-site Coulomb interaction among the 4f-electrons: the strong modification of the 4f band width and the correction to the effective spin orbit coupling and crystal field. As a consequence, the band inversion in the modified band structure happens between 5d and 4f band around three X points at the BZ boundary. If a surface terminated in the (001) direction, one X point projects to theΓ points on the surface BZ and the other two X points project toȲ and X points and leading to three different Dirac points on the (001) surfaces. In this section, we will discuss the relations between the above mentioned three spin textures and calculate the CD spectrum for the surface states near Γ,Ȳ andX points.
A. Surface states atΓ point
The crystalline symmetry atΓ point is characterized by double group of C 4v . From group theory we know that there are two kinds of two-dimensional irreducible representations for the double group of C 4v , which are j z = ±1/2 and j z = ±3/2 representation respectively. The first-principles calculations show that the Dirac surface states atΓ point belong to the representation of j z = ±3/2. Therefore the effective Hamiltonian for surface states nearΓ point is given as 21, 22 HΓ = −hv(k y σ x +k x σ y ) = −hvk(sinβσ x +cosβσ y ) (29) in the basis of {|j z = + 3 2 , |j z = − 3 2 }, where β is the angle between k and the +k x direction and σ x,y are the Pauli matrices in the pseudo spin space expand by |j z = ± 3 2 . The eigenvalue and Bloch periodic eigenstate nearΓ point are E n = nhvk and
The pseudo spin texture are calculated as
The "g-faoctor" connecting real spin operator s and pseudo spin operator σ in Eq. (3) are given as 22 g xx = 0.095, g yy = −0.095, g zz = 0.068. Then the real spin vectors for the TSS are given by s k,n ∝ −n(g xx sinβ, g yy cosβ, 0)
as shown in Fig. 6 . The C 4v symmetry contains C 4 rotation symmetry and mirror symmetry M x . The basis function |± 
With the similar arguments used in the previous section, the nonzero matrix elements in Eq. (7) are obtained as listed below
The matrix element for P z is vanish for that it cannot conserve the total angular momentum along z direction. This results is different from the Bi 2 Se 3 case, where the surface states with j z = ± 1 2 lead to the nonzero matrix element for P z as shown in Eq. (17) . Substitute Eq. (30) and Eq. (36) into Eq. (7), the final state is obtained as
(i) For σ-polarized light, A σ = A 0 (−sinφ, cosφ, 0), the final states takes the form of
and the spin polarization for photo-electrons can be calculated as τ f ∝n sin(β + 2φ), cos(β + 2φ), 0 (39) as shown in Fig. 7 . The spin texture takes a different rotation manner as tuning φ from φ = 0 to π/2 compare to Bi 2 Se 3 as shown in Fig. 3 .
(ii) For π-polarized light, A π =A 0 (cosθcosφ, cosθsinφ, −sinθ), the final states can be calculated as
and the spin vector for |f is calculated as
as shown in Fig. 8 . Different to the case in Bi 2 Se 3 system, for SmB 6 (001) surface states the π-polarized light does not induce the z direction component in the spin orientation, for the photo-emission matrix element of P z is vanish under the symmetry constraint. (iii) For circular polarized light, A η = A 0 (cosθcosφ + iηsinφ, cosθsinφ − iηcosφ, −sinθ), where η = ±1 indicate the RCP/LCP light, the final states can be calculated as
with spin vector τ f ∝ (nsin 2 θsin(β + 2φ), nsin 2 θcos(β + 2φ), 2ηcosθ) (43) The photo-emission transition rate is calculated as
which is independent with light helicity η and lead to I CD = 0. The reason for obtained the vanish CD spectra is that here we only keep up to the zeroth order perturbation for the initial states. Keep up to the first order perturbations terms in the initial states, we get
where a 1,2,3 are material dependent parameters. The above wave functions are constructed by considering the conservation of the total angular momentum j z in z direction 23 . For example, k ± carry the angular momentum ±1, so the total angular momentum in z direction is ±1/2 for the second and third terms in Eq. (45).
Taking the symmetry consideration into the matrix elements of P, we find that the following terms are nonzero
The difference of photo-emission transition rate under right-and left-handed circular polarized light is calculated as 
B. Surface states atȲ point
The symmetry of Dirac type surface states locate atȲ andX points are characterized by C 2v and time reversal symmetry. The first-principles calculations show that the eigenstates possess angular momentum j z = ± and Bloch periodic eigenstates are
The relation between real spin and pseudo spin are s x , s y , s z = g xx σ x , g yy σ y , g zz σ z , with g xx = 0.0687, g yy = −0.1223, g zz = −0.1484. Then the real spin texture are calculated as
as shown in Fig. 6 with parameters a = −0.04, b = 0.05. The nonzero matrix elements in Eq. (7) has the following relations under C 2v symmetry constraint
Then the final states in Eq. (7) can be written as
With this formula, the spin polarization of photonemitted electron can be easily calculated as discussed before.
(i) For σ-polarized light, the spin vector of the photo-emitted electrons is given as
The spin texture is shown in Fig. 10 with parameters p = 0.16 − 0.1i and q = −0.5 + 0.1i with unit A · m. (ii) For π-polarized light, the spin vectors are τ x f = n cos 2 θ ak y p * q + pq * + cos2φ(|p| 2 + |q| 2 )
−bk x sin2φ |p| 2 − |q| 2 / a 2 k 2 y + b 2 k 2 x , (61) τ y f = n cos 2 θ bk x p * q + pq * + cos2φ(|p| 2 + |q| 2 )
−ak y sin2φ |q| 2 − |p| 2 / a 2 k 2 y + b 2 k 2 x , (62)
The spin texture is shown in Fig. 11 . 
the CD values can be obtained by using Eq. 
V. CONCLUSION
To summarize, we discussed three different definition of the spin texture for the topological surface states, namely the pseudo spin and real spin orientation for electronic states inside the crystal and that of the photo-emitted electrons in the vacuum. Taking Bi 2 Se 3 and SmB 6 as examples, we revealed that the above three spin textures are different and should be clarified rigorously and studied separately. By considering the symmetry properties of the photo-emission matrix element, we calculated the spin polarization and CD spectrum of the photo-electrons for these two compounds which can be observed in the spin-resolved and CD ARPES experiment.
